ABSTRACT In this paper, a robust adaptive control law is proposed based on backstepping technique for strict-feedback systems with unknown actuator failure and unknown time delay. Unlike existing results, the bounding function of the time delay term is allowed to depend on all system states, and thus the triangular structure of the system to be controlled is destroyed. By constructing a linear projection between the state vector (x 1 , x 2 ) and its transform (z 1 , z 2 ) in controller design, the triangular structure requirement of backstepping technique is no longer needed. Simulation results show that the designed controller can ensure the stability of the closed-loop system.
I. INTRODUCTION
Time delay exists in a great number of practical systems, especially in mechanical systems, biological systems, networked systems and so on. Since time delay may result in some poor performances and even instability of control systems, it can not be ignored in the analysis and design of control systems. In recent twenty years, numerous results have been established to deal with time delay for various kinds of systems, for instance, coupled neural networks [1] , uncertain neural systems [2] , discrete-time neural networks [6] , [7] , Markov jump systems [4] , Markovian jump neural networks [3] and switched fuzzy systems [5] .
It can be noticed that aforementioned results all focus on linear systems, however, for nonlinear systems, besides time delay, there are many other common cases affect performances of systems. For example, actuator failures [10] - [13] , fading channels [15] , uncertain kinematics and dynamics [14] , dead-zone [16] - [19] , input and sensor nonlinearities [20] - [22] , backlash [23] and state constraint [24] . Among all these cases, we are interested in actuator failures in this paper, since actuator failures commonly occur in practical systems. In general, actuator failures occur with some uncertainties and the uncertainties caused by unknown failures are difficult to compensate. In particular, the existence of time delay renders such problem become more complex and challenging.
Based on above consideration, in this paper, we address the problem of adaptive actuator failure compensation control of second-order nonlinear systems with unknown time delay. Different from [8] , [9] , time delays considered in this paper do not need triangular structure condition. Hence standard backstepping technology [25] can not be used in the controller design. In order to deal with this situation, the effects of such time delays are not considered in every step, but accumulated to the last step, and compensated by choosing appropriate design parameters in control laws. Simultaneously, the existence of unknown actuator failures make the controller design and stability analysis become more difficult. Consequently, the compositive effects caused by time delays and unknown failures must be compensated by the same controller. To confront the problems, online estimator for unknown actuator failures for time delay systerms has been designed. Based on maintaining a linear relation between the state vector (x 1 , x 2 ) and its transformed vector (z 1 , z 2 ), the uncertainties of actuator failures and unknown time delays can be dealt with easily, thus the stability of systems is guaranteed. To verify the effectiveness of the proposed technique, some simulation results are presented.
Compared with most existing results, the main contributions of this paper can be summarized as follows: (1) The control problem is investigated for time delay systems with unknown actuator failures and unknown parameters. (2) The online estimator of unknown actuator failures for time delay systems is designed to compensate the negative effects caused by unknown time delay and unknown actuator failures. (3) Unlike existing results established on the basis of backstepping technique, the triangular structure requirement is no longer needed, that is, the bounding function of the time delay term is allowed to depend on all system states and thus the triangular structure of the systems to be controlled is destroyed.
The rest of the paper is organized as follows. In section 2, we formulate the second order nonlinear systems with unknown time delay by differential equations and give the model of unknown actuator failures. In section 3, the adaptive control scheme and stability analyses of the closed-loop system are presented. In section 4, some simulation results are shown in detail. Finally, the paper is concluded in section 5.
II. SYSTEM MODEL AND PROBLEM STATEMENT
To illustrate our design ideas, the following class of secondorder nonlinear systems with uncertain parameters and unknown time delay is considered. The system model is given aṡ
where
, h 2 (·) ∈ R are known smooth functions and τ ∈ R is unknown time delay.
It is well known that many practical systems such as, typical mechanical systems, missile systems and motor systems can be described by second-order differential equations. So it is meaningful to study the design of the adaptive controllers for second-order systems with unknown time delay and actuators.
We now consider the ith actuator may fail during its operation. As in [10] and [11] , the failure of the ith actuator at time instant t if can be modelled as follows
where u ci is the input of the ith actuator and ρ i ∈ [0, 1], u ki , t if are unknown constants. ρ i u ki = 0 means that ρ i and u ki can't be non zero at the same time. If not, u i = ρ i u ci + u ki indicates that both partial loss of effectiveness and total loss of effectiveness will occur at the same time to the ith actuator.
With actuator failure model given in (2), system (1) can be rewritten asẋ
Then the following three cases are discussed in this paper:
The ith actuator works normally.
• 0 < ρ i < 1, It indicates u i = ρ i u ci . The ith actuator is called partial loss of effectiveness.
• ρ i = 0, It indicates u i = u ki . The ith actuator is called total loss of effectiveness. The control objective is to design an adaptive control scheme for the system (1) with unknown actuator failures given in (2) to guarantee all signals are bounded. To design the adaptive control scheme, the following Assumptions for system functions, unknown time delay and actuator failures are necessary.
Assumption 1: Nonlinear functions h i (x 1 , x 2 ) with i = 1, 2 satisfy the following condition
where δ i > 0 is a known constant. Assumption 1 indicates that the growth rate of time delay term h i (x 1 , x 2 ) with respect to (x 1 , x 2 ) is bounded by a constant.
Remark 1:
In the context of adaptive control of strictfeedback systems with state delays using backstepping technique, the time delay term in the ith differential equation is required to only depend on states x 1 , · · · , x i , because such a requirement can ensure the control system has triangular structure which is prerequisite for backstepping, see for examples [8] and [9] . However, according to Assumption 1, the bounding function of time delay term h i (x 1 , x 2 ) in system (1) can depend on all system states, which means that such triangular structure requirement is no longer needed in this paper.
Remark 2: δ i can be interpreted as the gain or strength of the time delay term. In this paper, we will discuss how to obtain the adaptive controller of system (1). The existence of time delay and unknown actuator failures given in (2) render the controller design much more complex and difficult, therefore the result obtained in this paper is applicable for enough small δ i , which makes our results limited to some extent.
Assumption 2: The number of total fail actuators is up to m−1 and the control objectives can also be achieved by other normal actuators, meanwhile, any actuator can change only from normal to partial failure or total failure case.
Remark 3: Assumption 2 is a basic assumption required in adaptive failure compensation. It guarantees that total number of actuator failures is finite and there exists a finite time instant T f after which no new failure will occur. Note that if b i = 0, the ith input channel will become noneffective. In other words, this channel has no effect on the controlled system. So assumption 3 is reasonable.
III. DESIGN AND ANALYSIS OF ADAPTIVE CONTROLLERS
To obtain available control law and update laws based on the backstepping approach, the following projection are introduced:
where α 1 is the virtual control in step 1. Below we will give the design details following the recursive backstepping procedure.
Step 1: From (1) and (5) the derivative of z 1 can be rewritten asż
We define a positive definite Lyapunov function as follows
where e 1 > 0 is a design parameter. The smooth function U 1 (x 1 (s), x 2 (s)) is chosen as
Then we can get the derivative ofV 1
Note that
hence we havė
and virtual control a 1 can be chosen as
where k 1 is a positive design parameter. Then from (11) and (12) we havė
Step 2: From (1) and (5), we havė
Note thaṫ
Then it can be calculated thaṫ
Thus, from (1) and (5) we obtain
and e 21 and e 22 are positive design parameters. There we obtain 
Different from the standard backstepping approach, the virtual control α in this step is designed as follows:
where k 2 is a positive design parameter andθ is the estimation of θ . Similar to [10] and [11] , the control law and update laws are designed as follows.
Control Law:
whereˆ is the estimation of . is an unknown parameter and γ is a known function. Both and γ are m + 1 dimensional vectors and can be denoted as
Update Laws:θ
where θ , are positive definite matrices.
IV. STABILITY ANALYSIS
We now analyze the stability of closed loop system with control law and update laws in (21) and (23). We use T j to represent the time instant at which the actuator failure occurs. It should be underscored that working conditions of all actuators do not change between two adjacent time point T i and T i+1 , namely, no new normal actuator fails in time interval (T i , T i+1 ). Let the set U iT denotes the actuators of total failure in interval (T i , T i+1 ), clearly, Assumption 2 ensures that there exists a time instant T f such that no new failure occurs after it. Also let T 0 = 0, T f +1 = ∞, we can guarantee that U 0T = {1, 2, · · · , m} and U fT are not empty. Our mail result is given as follows Theorem 1: Consider the time delay system (1) with unknown actuator failures described by (2) with control law (21) and the update laws (23) . Under Assumption 1 to Assumption 3, there exist a positive constant δ * such that for all δ i < δ * all the signals in the closed-loop system are globally bounded and the output y satisfies
Proof. Firstly, we consider the following Lyapunov function in time interval [T i , T i+1 )
where˜ =ˆ − andθ =θ − θ are estimation errors of and θ , respectively. Define U 21 (x 1 (s), x 2 (s)) = h 2 1 (x 1 (s), x 2 (s)) and U 22 (x 1 (s), x 2 (s)) = h 2 2 (x 1 (s), x 2 (s)), the derivative of V i iṡ
where we use h 2 i (t) and h 2 i (t − τ ) represent h 2 i (x 1 (t), x 2 (t)) and h 2 i (x 1 (t − τ ), x 2 (t − τ )), respectively. With (13) and (19) we havė 
and
Clearly, we can verify that
The control law in (21) can be represented as
and from (30), we have
Then the derivative of V i can be rewritten aṡ 
and recall update laws given in (23), we geṫ
Note the Assumption 1, we further obtaiṅ 
From projection in (5) and virtual controls (12), we have 1 0 0 1
Thus the following inequality can be obtained
So inequality (35) can be rewritten aṡ
In order to stabilize the system, the following requirement on design parameters can be established
Clearly, the second inequality can be satisfied by choosing a parameter k 2 which is big enough. So the key to solve the problem relies on how to select k 2 , such that the first inequality is satisfied. Firstly, we need to ensure the existence of a positive constant δ * such that for all δ i < δ * , the design parameter k 1 can be chosen to make the first inequality hold. 
Namely, for above δ * when δ i < δ * design parameters k * 1 , e * 1 , e * 21 , e * 22 can make the first inequality of (39) hold. Define
we can getV
From (44), we know V i is non-increasing in time interval Remark 4:
• In order to prove the derivative of V i being non-positive in time interval [T i , T i+1 ), linear transformation between vector x and z is established in the controller design, which is essentially different from standard backstepping procedures.
• The value of parameter δ * is difficult to obtain for a general uncertain nonlinear system, especially for high order nonlinear systems. Therefore, the significance of our results is to show the existence of such a parameter. In other words, when magnitude δ i of time delay term h i (·) satisfying δ i < δ * , the controller obtained in this paper can stabilize system (1).
V. SIMULATION STUDIES
In this section, the results of simulation are presented to verify the effectiveness of the proposed robust adaptive control law. Consider the following second-order system:
where x 1 , x 2 are system states and u 1 , u 2 are the input. θ is an unknown parameter and h 1 (x 1 (t − τ ), x 2 (t − τ )), h 2 (x 1 (t − τ ), x 2 (t − τ )) are known smooth functions and τ ∈ R is unknown time delay of state. Assume h 1 , h 2 are
and it is clear that
which means Assumption 1 is satisfied. In the simulation, following parameters are choosen: θ = 0.8, τ = 0.2, e 1 = 0.1, e 21 = 0.04, e 22 = 0.3. δ 1 = δ 2 = 0.1. Then we choose k 1 = k 2 = 40 such that equation group (39) holds. It should be noted that, in order to make simulation better, we could choose them as big as possible. To illustrate the effectiveness of the proposed method, the following failure condition is added
where (51) indicates that the first actuator will be partial loss its effectiveness at time instant t = 0.2 second and loss rate is 0.4. Total loss is a special case of partial loss (Loss rate is 1). So we only consider above partial loss in simulation. Fig.1 shows the output of system (46) and Fig.2 represents state x 2 , respectively. Remember here y = x 1 , output is the state x 1 at the same time.
In Fig.3 and Fig.4 we could clearly find that when t = 0.2, the actuator begins partial loss of effectiveness with a probability of 0.6. Meanwhile, it can be observed that although input faces acutely shake at t = 0.2, Fig.1 and Fig.2 show output and states still tends to 0 smoothly, which verifies Theorem 1.
Based on the simulation studies, it is clearly verified that system (46) is stable under unknown actuators and unknown state delays with the proposed controller and the tracking performance can be achieved successfully.
VI. CONCLUSION
A robust adaptive state feedback control scheme is proposed by using backstepping technique for second order time delay systems with unknown actuator failures. Unlike existing results of time delay systems by using backstepping technology, the bounding function of time delay term h i (x 1 , x 2 ) in system (1) is allowed to depend on all system states. The boundness of all signals of the closed-loop system are ensured by the proposed control law and corresponding update laws. Simulation results verify the effectiveness of the proposed control scheme.
A possible future perspective is to investigate the adaptive control law of system (1) 
